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Problems 7-9 are related 1o taxation.

7. Figure 13.13 suggests that market forces tend to drive the population to N;. Use that
figure to show how taxation or subsidization may be used to control the location of N ..
What forms might the taxation and subsidization take? (Hint: One cost to the fisherman
is the various taxes he pays.) Apply your ideas to the whale fishery.

>

Taxation is appealing from a theoretical perspective because with a properly designed
tax, desired goals can be achieved through normal market forces rather than by some
artificial method (such as restricting the number of commercial permits). Assume a fish
population is currently at &, and you want to maintain it at that level by harvesting
g(Np). How can a tax be determined for each fish caught 1o cause N;, Ny, and N, to
coincide? (Hint; Consider Equation (13.8) and the condition required for A, — N,

9. A constant price has been assumed in all the models developed in this section. Sug-
gest some fisheries for which that assumption is not realistic. How might you alter the
assumption? How would you determine the appropriate rax?

13.4 Further Reading

Clark, Colin W. Mathematical Biveconomics: The Optimal Management of Renewable Resources.
New York: Wiley, 1976.

May, Robert M., John R. Beddington, Colin W. Clark, Sidney 1. Holt, & Richard M. Laws. “Manage-

ment of Multispecies Fisheries.” Science 205 (July 1979); 267-277.
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APPENDIX

Problems from the Mathematics
Contest in Modeling,
1985—-2008

1985: The Animal Population Problem

Choose a fish or mammal for which appropriate data are available 10 model it accurately.
Model the animal’s natural interactions with its environment by expressing population levels
of ditferent groups in terms cf the significant parameters of the environment. Then adjust
the model to account for harvesting in a forns consisient with the actual method by which the
animal is harvested. Include any outside constraings imposed by food or space limitations
that are supported by the dala. Consider the value of the various quantilics involved, the
number harvested, and the population size 1o devise a numerical guantity that represents the
overall valuc of the harvest. Find a harvesting policy in terms of population size and time
that optimizes the value of the harvest over a long period of time. Check that the policy
oplimizes this value over a realistic range of environmental conditions.

1985: The Strategic Reserve Problem

Cobalt, which is not produced in the United States, is essentia} to a number of industries.
(Defense accounted for 17% of the cobalt production in 1979.) Most cobalt comes from
central Africa, a politically unstable region. The Strategic and Critical Matertals Stockpiling
Act of 1940 requires a cobalt reserve that will carry the United States through a 3-year war.
The government built up a cebalt stockpile in the 1950s, sold most of it in the carly 1970s,
and then decided to build it up again in the lale 1970s, with a stockpile goal of 85.4 million
pounds. About half of this stockpile had been acquired by 1982.

Build a mathematical model for managing a stockpile of the strategic metal cobalt. You
will need to consider such questions as

i'_;:,l
i

= How big should the stockpile be?

* A1 what rate should it be acquired?

¢ What is a reasonable price to pay for the metal?
You will also want to cousider such questions as

* At what point should the stockpile be drawn down?

At what rate should it be drawn down?
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* What is a reasonable price at which Lo sell the metal?

* How shouid sold metal be allocatad? |

Below we give more information on the sources, cost, demand, and recycling aspects
of cobait.

Useful Information on Cebalt

The government has projected a need of 23 million pounds of cobalt in 1985,

"Fhe United States has about 100 million pounds of proven coball deposits. Production
becomes cconomically feasible when the price reaches $22/1h (as oceurred in 1981). It takes
4 years to get operalions rolling, and then & million pounds per year can be produced.

In 1980, 1.2 million pounds of coball were recycled, 7% of 1otal consumption.

Please see Figures A.1-A.3, whose source is Mineral Facis and Probiems, United
States Bureau of Mines (Washington, DC: Government Printing Office, 1980).

Figure A.1
U.S. primary demand B
for cobalt, 1960-1980
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- Figure A3 Zambia*

Producers of refined metal Tapan
and/or oxide 1979; an
asterisk denotes a country
with domestic production.
Source: U.S. Bureau of
Mines, Mineral Facts and
Problems (1980}
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1986: The Hydrographic Data Problem

The following table gives the depth Z of water in feet Tor surface poinis with rectangular
coordinates X, ¥ in yards. The depth measurements were taken at Jow tide. Your ship has a
draft of 5 feet. What region should you avoid within the rectangle (150, —50) = (200, 75)7

X ¥ Z
129.0 7.5 4
140.0 141.5 8
108.5 28.0 6

88.0 147.0 8
185.5 225 6
195.0 137.5 8
105.5 83,5 8
157.5 —0.5 9
107.5 —81.0 9

77.0 3.0 8
162.0 —606.5 9
162.0 84.0 4
[17.5 —38.5 9

§
i
&
¥

;
vl
2

1986: The Emergency-Facilities
Location Problem

The township of Rio Rancho has hitherto not had its own emergency facilities. It has secured
funds to erect two emergency facilities in 1986, each of which will combine ambulance,
fire, and police services. Figure A4 indicates the demand, or number of emergencies per
square block, for 1985. The L region in the north is an obstacle, whereas the rectangle in the
south is a park with a shallow pond. It takes an emergency vehicle an average of 15 seconds
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-Figure A4 T Ta 2l s
A map of Rio Rancho, with
number of emergencies in 3241313, 2
1985 indicated for each 5 P I I
block
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to go one block in the N-§ dircction and 20 seconds in the E-W dircction. Your task is to
locate the two facilities 5o as to minimize the total response time.

* Assume that the demand is concentraied ut the center of the block and that the facilities
will be located on comers,

* Assume that the demand is uniformly distributed on the sireets bordering cach biock and
that the facilities may be located anywhere on the streets.

1987: The Salt Storage Problem

For approximaiely 15 years, a midwestern state has stored sali used on roads in the winter
in circular domes. Figure A.5 shows how salt has been stored in the Ppast. The salt is brought

Daor clearance
16 ft 9 in.

Front-end loadcr
101 9 in. high

Bome height
30 ft

Retaining wall
4 ft high

/

diameter 103 fi

: Figure A5
Diagram of a salt storage dome
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into and removed from the domes by driving front-end loaders up ramps of salt leading into
the domes. The salt is piled 25-30 [ high, using the buckets on the front-end loaders,

Recently, a panel determined that this practice is unsafe. 1f the front-end loader got too
close to the edge of the salt pile, the satt might shill, and the loader could be thrown against
the relaining walls that reinforce the dome. The panel recommended that if the salt is to
be piled with the use of loaders, then the piles should be resuicted to a maximum height
of 15 fi.

Construct & mathematical model for this situation and find a recommended maximum
height for salt in the domes.

1987: The Parking Lot Problem

The owner of a paved, 100-f1-by-200-1 corner parking lot in a New England town hires you
to design the layout—that is, to design how the lines are to be painted.

You realize that squeezing as many cars into the lot as possible leads to right-angle
parking with the cars aligned side by side. However, inexperienced drivers have difficuliy
parking their cars this way, which can give rise to expensive insurance claims. To reduce the
likelihood of damage to parked vehicles, the owner might then have to hire expert drivers
for valet parking. On the other hand, most drivers seem to have littte difficulty in parking
in one atterapt if there is a Jarge enough turning radius from the access lane. Of course, the
wider the access lane, the fewer cars that can be accommodated in the lot, leading to less
revenue for the parking lot owner.

1988: The Railroad Flatcar Problem

Two railroad flatcars are to be loaded with seven types of packing crates. The crates have
the same width and height but vary in thickness (7, in cm} and weight (w, in kg). Table A.1
gives, for each crate, the thickness, weight, and number available. Each car has 10.2 m of
length available for packing the crates (like slices of toast) and can cury up to 40 metric
tons. There is a special constraint on the total number of Cs, Cg, and Cy crates because of a
subsequent local trucking resiriction: The total space (thickness) occupied by these crates
must not exceed 302.7 cm. Load the two flatcars (Figure A.6) so as to minimize the wasted
floor space.

Tahle A1 The thickness, w

7r s A

eight, and number

C 1) C3 Cy

t 48.7 52.0 61.3 72.0 43.7 52.0 64.0 | cm
w | 2000 3000 1600 500 4000 2000 1000 kg
7 9 6 6 4 8
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Diagram of loading

fe—— 102 m —

-j 1988: The Drug Runner Problem

Two listening posts 5.43 miles apart pick up a brief radio signat. The scnsing devices were
oriented at 110° and 119%, respectively, when the signal was detected (Figurce A.7), and they
are accurate to within 2°. The signal came from a region of active drug exchange, and it
is inferred that there is a powerboat waiting for someone to pick up drugs. It is dusk, the
weather is calm, and there arc no currents. A small helicopter leaves a pad from Post 1 and
is able to fly accurately along the 110° angle direction. The helicopter’s speed is three times
the speed of the boal. The helicopter will be heard when it gets within 500 ft of the boal.
This helicopter has only one detection device, a searchiight. At 200 fi, it can just illuminate
a circular region with a radius of 25 ft.

* Describe the (smallest) region where the pilot can expect to find the waiting boat.

* Develop an optimal search method for the helicoper,

Use a 95% confidence level in your calculations.

‘Figure A7
Geometry of the probiem
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1989: The Aircraft Queuing Problem

A common procedure at airports is to assign aircralt (AC) to runways on a first-come-firsi-
; served basis. That is, as soon as an AC is ready to leave the gate (push back), the pilot calls
l ground control and is added to the queue. Suppose that a control tower has access o a fast
online database with the following information for each AC:

‘ + The tume it is scheduled for pushback
: « The time it actually pushes back
* The number of passengers on board

* The number of passengers who are scheduled to make a connection at the next stop, as
well as the time to make that connection

» The schedule time of arrival at its next stop

Assume thai there are seven types of AC with passenger capacities varying from 10{)
to 400 in steps of 50. Develop and analyze a mathematical model that takes into account
both the travelers’ and the airlines’ satisfaction.

1989: The Midge Classification Problem

Two species of midges, AT and Apl, have been identified by biologists Grogan and Wirth
(1981) on the basis of antenna and wing length (Figure A.8). Each of nine Af midges is
denoted by G, and each of six Apf midges is denoted by o. It is important (o be able to
classify a specimen as Af or Apl, given the antenna and wing length.

G APF aniennae, APF wings
0 AF antennae, AF wings

Wings (mm)
B
h
T

{65 . o

Tl 1.15 1.2 1.25 1.3 1.35 1.4 1.45 1.5 1.55 1.6
Antennae (mm)

1 Figure A.8
Display of data collected by Grogan and Wirth {1981)
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% Figure A9

Orientation of the cylinders

of tissue

1. Given a midge thai you know is species Af or Apf, how would you go about classify-
ing it?

2, Apply your method to three specimens with (antenna, wing) lengths (1.24, 1.80), (1.28,
1.84), (1.40, 2.04).

3. Assume that species At is a valuable pollinator and that species Apf is a carrier of a
debilitating disease. Would you modify your classification scheme and if so, how?

1990: The Brain—Drug Problem

Researchers on brain disorders test the effects of new medical drugs {e.g., dopamine against
Parkinson’s disease) with intracercbral injections. To this end, they must estimale the size
and the shape of the spatial distribution of the drug after the injection to estimate accurately
the region of the brain that the drug has aflfceted,

The research data consist of the measurements of the amounts of drug in each of 50
cylindrical tissue samples (Figure A.9 and Table A.2). Each cylinder has length 0.76 mm
and diameter 0.66 mm. The centers of the parallel cylinders lic on a grid with mesh 1 x
0.76 x | mm so that the cylinders touch one another on their circular bases but not along
their sides, as shown in the accompanying figure. The injection was made near the center
of the cylinder with the highest scintillation count. Naturally, one expects that there is drug
also between the cylinders and outside the region covered by the sample.

Estimate the distribution in the region affected by the drug.
One unit represents a scintillation count, or 4.753 x 107!? mole of dopamine. For
example, the table shows that the middle rear cylinder contains 28,353 units.
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Table A2 Amounts m‘ drug in each of 50 cylmdncal tissue samples

g s = o T . - .
P s o v T : iy, W T T i a ks

Rear vertical section

i 164 443 1,320 414 188
480 7.022 14,411 5,158 352
2,001 23,027 28,353 13,138 681

213 1,303 3,765 1,715 453

‘ 789 21,260 20,621 11,731 727
| Front vertical scction
|

163 324 432 243 166
712 4,055 6,098 1,048 232
2,137 15,531 19,742 4,785 330
444 11,431 14,960 3,182 301
294 2,061 L.036 258 188

| 1991: The Water Tank Problem

Some state water-right agencies require from communities data on the rate of water use, in
gallons per hour, and the total amount of water used each day. Many communities do not
have equipment to measure the flow of water into or out of the municipal tank. Instead, they
can measure only the fevel of water in the tank, within 0.5% accuracy, every hour, Morc
important, whenever the level in the tank drops below some minimum level £, a pump fills
the tank up to the maximum level, H; however, there is no measurement of the pump flow
either. Thus, one cannot readily relate the level in the tank 1o the amount of water used while
the pump is working, which occurs once or twice per day, for a couple of hours each time.

Estimate the flow out of the tank f(#) al all times, even when the pump is working, and
estimate the total amount of water used during the day. Table A.3 gives the real data from
an actual small town for one day.

The table gives the time, in seconds, since the {irst measurement and the level of water
in the tank, in hundredths of a foot. For example, atter 3316 seconds, the depth of water in

Table A3 Water tank levels over a single day for a small town

{time is in seconds and level is in 0.01 ft)
Level Time Level Time Level ,
0 3,175 35,032 pump on 08,535 2,842
3,316 3,110 39,332 pump on 71,854 2,107
6,635 3,054 39,435 3,550 75,021 2,697
10,619 2,994 43318 3,445 79,254 pump on
13,937 2,947 46,636 3,350 82,649 pump on
17,921 2,802 49,053 3,260 85,968 3,475
21,240 2,830 33,936 3,167 89,953 3,397
25,223 2,797 57,254 3,087 93,270 3,340
28,543 2,152 60,574 3,012

2,927
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H
:

‘Figure A.10

Two simple cases of
forming the shortest 1

Steiner tree for
a network

the fank reached 31.10 ft. The tank is a vertical circular cylinder, with a height of 40 ft and
a diameter of 57 ft. Usually, the pump starts {illing the tank when the level drops to about
27 fi, and the pump stops when the level rises back to about 35.50 ft.

1 1991: The Steiner Tree Problem

The cost for a communication line between two stations is proportional 10 the length of
the line. The cost for conventional minimal spanning trees of a set of stations can often be
cut by introducing phantom stations and then constructing a new Steiner free. This device
allows costs to be cut by up to 13.4% (= 1 — v/3/2). Moreover, a network with n stations
never requires more than n — 2 points to construct the cheapest Steiner tree, Two simple
cases arc shown in Figure A.10,

V3 3

For Tacal networks, it is often necessary to use rectifinear or checkerboard distances
instead of straight Euclidean lincs. Distances in this metric are computed as shown in
Figure A.11.

b b
,/”.\
—_ ~
o .
T o

a¥ ¢ oa e T

ab=13,bc="T, ac=14 Cost=17

Cost =2{

.+ Figure A.11

Comparison of distances using straight Euclidean line distances (ab= 13, bc= 7,
ac = 14; cost = 20) versus using rectilinear distances (cost = 17}

Suppose you wish to design a minimal-cost spanning tree for a local network with nine
stations. Their rectangular coordinates are

a(0,15), Bb(5.20), «(16,24), d(20.20), &(33,25),
F@3. 10, g@G5 7, h(25 0. i(10,3)
You are restricted to using rectilinear lines. Moreover, all phantom stations must be

located at lattice points (i.e., the coordinates must be integers). The cost for each line is
its length.
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1. Find a minimal-cost tree for the network.

2. Suppose each slation has a cost d* 21w, where d is the degree of the station. If w = 1.2,
find a minimal-cost tree.

3. Try to generalize this problem.

1992: The Emergency Power-Restoration
Problem

L
1
b
i
£
i
e
4

Power companics serving coastal regions must have emergency-response systems for power
outages due to storms. Such systems require the input of data that allow the time and cost
required for restoralion (o be estimated and the value of the outage judged by objective
criteria. In the past, Hypothetical Electric Company (HECO) has been criticized in the
media for its lack ol a priorilizalion scheme,

You are a consultant to HECO power company. HECO possesscs a computerized
datebase with real-iime access to service calls that currently require the following
information:

+ Time of report |
+ Type of requestor i
» Estimated number of people affected ;

+ Location (x, y)

Crew sites are located at coordinates (0, 0) and (40, 40), where x and y are in miles.
The region serviced by HECO is within —65 < x < 05 and —50 < y < 50. The region
is largely metropolitan with an excellent road network. Crews must return to their dispatch
site only at the beginning and end of each shift. Company policy requires that no work be
initiated unfil the storm leaves the arca, unless the facility is a commuter railroad or hospital,
which may be processed immediately if crews are avuiluble,

HECO has hired you to develop the objective criteria and schedule the work for the storm
restoration requirements listed in Table A.S using the work force described in Table A 4.
Note that the first call was received at 4:20 A.M. and that the storm lefl the arca at 6:00 A.M.
Also note that many outages were not reporied until much later in the day,

Tahle A4 Crew descriptions
» Dispatch locations at (0, 0) and (40, 40}.
+ Crews consist of three trained workers.
= Crews report to the dispalch location only at the beginning and end of their shifts,
* One crew is scheduled for duty at all times on jobs assigned to each dispatch location.
These crews would normally be performing routine assignments. Until the storm leaves
the area, they can be dispatched for emergencies only.
= Crews work 8-hr shifts.
There are six crew teams available at each location.
Crews can work only one overtime shift in a work day and receive time-and-a-half for overtime.
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Table A5 Storm restoration requirements
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s

Estimaled

Time Tepair time
(AM) Location Type # Atffected (hr for crew)
4.20 (—10, 30} Business {cable TV) 7 ]
5:30 3, 3 Residential 20 7
5:35 {20, 5 Business (hospital} 240 8
5:55 (—10. 5 Business (railroad systen} 25 workers;

75.000 commuiers 3
6:00 All-clear given; storm leaves area; crews can be dispatched
©:03 (13, 30) Residential 45 2
6:06 (5 20) Area 2,060 7
6:08 ( 60, 45 Residential ? 9
6:00 L, i Government (city hall) 7 7
6:153 ( 5 20 Business (shopping mall) 200 workers 5
6:20 ( 5 -2 Government (fire dept.) 15 workers 3
6:20 (12, 18 Residential 350 6
6:22 ¢ 7. 1y Area 400 12
6:25 (—1, 19 Industry (ncwspaper ¢o.) 190 16
6:40 (=20, —1% Industry (factory) 395 7
6:55 (—1, 30 Area ? 6
7:00 (—20, 30 Government (high school) 1,200 students 3
7:00 ( 40, 20 Government (elementary school) 1,700 ?
7:00 ( 7,20 Business {restaurant) 25 12
7:00 {( 8,-23) Government {police station & jail) 125 7
7.05 (25, 1% Government (elementary school) 1,900 5
7:10 (—10, —10) Residential ? 9
7:10 (-1, 2 Government (college) 3,000 8
7:10 ( 8 -25 Industry (computer manuf.) 450 workers 5
710 ( 18, 53) Residential 350 10
7:20 ¢ 7, 3% Arca 400 9
745 (20, O Residential 800 3
7:50 (—6, 30 Business (hospital) 300 3
8:15 ( 0, 40 Business (several slores) 50 i}
8:20 { 15,-23) Government (traffic lights) ? 3
8:35 {—20,-35 Business (bank) 20 3
8:50 { 47, 30 Residential 40 9
9:50 { 55, 50 Residential ? 12
10:30 {(—18, -3 Residential 10 10
13:30 {(—1, 50) Business (civic center) 150 5
10:35 (=7, -8 Business (airpott) 350 workers 4
10:50 ( 5,-25 Government {fire dept.) 15 5
11:30 ( Area 300 12
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HECO has asked for a technical report for its purposes and an executive summary in
lay terms that can be presented to the media. Furthermore, it would like recommendations
for the future. To determine your priositized scheduling system, you will have to make
additional assumptions. Detail those assumptions. In the future, you may desire additional
data. If so, detail the information desired.

1992: The Air-Traffic-Control Radar Problem

You are to determine the power to be radiated by an air-traffic-control radar at a major
metropelitan airport. The airport authority wants to minimize the power of the radar con-
sisteni with safety and cost.

The authority is constrained to operate with its existing antennae and receiver circuitry.
The only option it is considering is upgrading the transmitter circuits to make the radar
more powerful,

The question that you are to answer is what power (in watts) must be released by the
radar to ensure detection of standard passenger aircraft at a distance of 100 km.

-4 Figure A12 Antenna dish

Measurements for the radar i
system

2 meters

Radar beam |

1 meter l

f<‘ 6 melers ——>|
|

m

—— = Transmitterfrcceiver

Angle of
50 milliradians

Transmitter/receiver
Angle of 1 radian )
~——— Antenna dish

Radar beam

Technical specifications (see also Figure A.12);

L. The radar antenna is a section of a paraboloid of revolution with focal length of 1 meter.
Its projection onto a plane tangent to its vertex is an ellipse with a major axis of 6 meters
and a minor axis of 2 meters. The main lobe energy beam pattern, located at the focus, is
an elliptical cone that has a major axis of 1 radian and a minor axis of 50 milliradians. The
antenna and beam are sketched in the figures provided.

2. The nominal class of aircraft is one that has an effective radar reflection cross section of
75 square meters. For the purposes of this problem, this means that in your initial model,
the aircraft is equivalent to a 100% reflective circular dise of 75 square meters, which is
centered on the axis of the antennae and is perpendicular to it. You may want to consider
alternatives or refinements to this initial model.
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1993: The Coal-Tipple Operations Problem

The Aspen-Boulder Coal Company runs a loading facility consisting of a large coal tipple.
When the coal trains arrive, they are loaded from the tipple. The standard coal train takes
3 hours to load, and the tipple’s capacity is 1.5 standard trainloads of coal. Each day, the
railroad sends three standard trains to the loading facility, and they arrive at any time between
5 AM. and 8 P.M. local time. Each of the trains has three engines. 1 a train arrives and sils
idle while waiting to be loaded, the railroad charges a special fee, called a denurrage. The
fee is $5000 per engine per hour. In addition, a high-capacity train arrives once a week
every Thursday between 11 A.M. and 1 p.M. This special train has five engines and holds
twice as much coal as a standard train. An empty tipple can be loaded directly from the
mine lo its capacity in 6 hours by a single loading crew. This crew (and its associated
equipment) costs $9000 per hour. A second crew can be called out to increasc the loading
rate by conducting an additional tipple-loading operation at the cost of $12,000 per hour.
Because of safety requirements, during tipple loading no trains can be loaded. Whenever
train loading is interrupted to lToad the tipple, demurrage charges are in effect.

_ The management of the ceal company has asked you to determine the expected an-
| nual costs of this tipple’s loading operations. Your analysis should include the following
considerations:

+ How ofien should the second crew be called out?

* What arc the expected monthly demurrage costs? |

» If the standard trains could be scheduled io arrive at precise times, what daily schedule
would mininize loading costs?

* Would a third tipple-loading crew at $12,000 per hour reduce annual operations costs?

* Can this tipple support a fourth standard train every day?

1993: The Optimal Composting Problem

|
1 An environmnentally conscious institutional cafeteria is recycling customers® uneaten food ‘
‘ into compost by means of microorganisms. Each day, the cafeteria blends the leltover food !
into a slurry, mixes the slurry with crisp salad wastes from the kitchen and a small amount of
shredded newspaper, and feeds the resulting mixture to a culture of fungi and soil bacteria,
which digest shurry, greens, and paper into usable compost. The crisp greens provide pockets
of oxygen for the fungi culture, and the paper absorbs excess humidity. At times, however,
the tungi culture appears unable or unwilling to digest as much of the lefiovers as customers
leave; the cafeteria does not blame the chef for the fungi culture’s lack of appetite. Also, the
cafeteria has received offers for the purchase of large quantities of its compost, Therefore,
the cafeteria is investigating ways to increase its production of compost. Because it cannot
yet afford to build a new composting facility, the cafeteria seeks methods to accelerate |
| the fungi culture’s activity—Tor instance, by optimizing the fungi culture’s environment

(currently held at about 120° F and 100% humidity), by optimizing the composition of the

mixture fed to the fungi culture, or both.
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Determine whether any relation exists between the proportious of slurry, greens, and
paper in the mixture fed to the fungi culture and the rale at which the fungi culture composts
the mixture, Tf no relation exists, state so. Otherwise, determine what proportions would
accelerate the fangi culture’s activity.

Inadditon (o the technical report following the format prescribed in the contest instruc-
tions, provide a 1-page nontechnical recommendation for implementation for the cafceteria
manager.

Table A.6 shows the composition of various mixtures, in pounds of each ingredient
kept in separate bins, and the time il 100k the fungi culture to compost the mixtures, from
the date fed to the date completely composted.

Table A.6 Composting data

A e i e T T T et R L e St i e SR

Slarry Greens Paper Composted
(pounds) (pounds) (pounds) [Fed (dale) {date)

86 3i 0 13 Jul 90 10 Aug 90
112 79 0 17 Jul 90 13 Aug 20
71 21 0 24 Jul 90 20 Aug 90
203 82 0 27 Jul 90 22 Aug 90
79 28 0 10 Aug 90 12 Sep 90
105 52 0 13 Aug 90 18 Sep 90
121 13 0 20 Aug 90 24 Sep 90
110 32 0 22 Aug 90 8 Oct 90
82 44 9 30 Apr 9l 18 Jun 91
57 60 7 2 May 91 20 Jun 91
77 51 7 7 May 91 25 Jun 91
52 38 6 10 May 91 28 Jun 91

1994: The Concrete Slab Problem

The United States Department of Housing and Urban Development (FIUD) is considering
coustructing dwellings of various sizes, ranging {rom individual houses to large apartment
complexes. A principal concern is to minimize recurring cosls to occupants, especially
the costs of heating and cooling. The region in which the construction is to take place is
temperate, with a moderate variation in temperaturc throughout the year.

With special construclion techniques, HUD engineers can build dwellings that do not
need te rely on convection—that is, there is no need to rely on opening doors or windows to
assist in temperature variation. The dwellings will be single-story, with concrete slab floors
as the only foundation. You have been hired as a consultant to analyze the temperature
variation in the concrete siab floor to determine whether the temperature averaged over the
floor surface can be maintained within a prescribed comfort zone throughout the year. If
so, what size/shape of slabs will permit this?
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Part 1, Floor Temperature

Consider the femperature variation in a concreie slab given that the ambient temperature
varies daily within the ranges given in Table A.7. Assume that the high occurs at noon and
the low at midnight. Determine whether slabs can be designed to maintain a temperaturc av-
eraged over the fleor surface within the prescribed comfort zone, considering radiation only.
Initially, assume that the heat fransfer into the dwelling is through the exposed perimeter
of the slab and that the top and botrom of the slabs are insulaied. Comment on the appro-
priateness and scusitivity of these assumptions. If you cannot find a selution that satisfics
Table A7, can you find designs that satisfy a Table A.7 that you proposc?

Tahle A.7 Daily variation in
temperature

B el i et i

I Ambient Comfort

‘ temperature Zone
High: 85° F High: 76° F
Low: 60° F Low: 65* F

Part 2, Building Temperature

Analyze the practicality of the initial assumptions and extend the analysis to tempcrature
variation within the single-story dwelling. Can the house be kept within the comfort zone?

Part 3, Cost of Construction

Sugpest a design that considers HUD’s objective of reducing or eliminating heating and
cooling costs, considering construction resirictions and costs.

1994: The Communications Network Problem

In your company, information is shared among departments on a daily basis. This infor-
mation includes the previous day’s salcs statistics and current production guidance. It is
g important to get this information out as quickly as possible.

Suppose thal a communications networlk is to be used to transfer blocks of data (files)
[rom one computer to another. As an example, consider the graph model in Figure A.13.

Vertices V1, Va2, ..., ¥, represent compulers, and edges ), ey, ..., ¢, tepresent files
to be transferred (between computers represented by edge endpoints). T (e, ) is the time that
it takes to transfer file e., and C(V,) is the capacity of the computer represented by V, to
transter files simultaneously. A file transfer involves the engagement of both computers for
the entire time it takes to transfer the file. For example, C(V,) = 1 means that computer V,
can be involved in only one transfer at a time.




: Figure A.13

Example of a file transfer

network

i Figure A.14

Network for situations

Aand B
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CVs)=3

e Heg)=4
Vo) =1
Vo CV)=1
v,
Tle)=3 | e
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(v )1: 1 ey =35 C(Vj]ljz

We are interested in scheduling the transfers in an optimal way, to minimize the total
lime that il tukes to complete them all. This minimum total time is called the makespn.
Consider the following situations for your company.

Situation A

Your corporation has 28 departments. Each department has a computer, each of which is
represented by a vertex in Figure A.14. Each day, 27 files must be transferred, represented
by the edges in Figure A.14. For this network, 7 (e,} = 1 and C(Vy) = 1forall x and y.
Find an optimal schedule and the makespan for the given network. Can you prove to your
supervisor that your makespan is the smallest possible (optimal) for the given network?
Describe your approach to solving the problem. Docs your approach work for the general
case—that is, where ¥'{(e,), C(V,), and the graph structure are arbitrary?

Situation B

Suppose that your company changes the requirements for data transfer, You must now
consider the same basic network structure (see Figure A.14) with different types and sizes
of files. These files take the amount of time to transfer indicated in Table A.8 by the T{e,)
terms for each edge. We still have C(V,) = 1 for all y. Find an optimal schedule and the
makespan for the new network. Can you prove that your makespan is the smaliest possible
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:Figure A.15
Network for situation C
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Table A8 File transfer time data for situation B

X 1 2 3 4 5 6 7 8 9
Tiey) 3.0 4.1 4.0 7.0 1.0 8.0 3.2 2.4 5.0
x 10 11 12 13 14 15 16 17 18
T{eo) 8.0 1.0 4.4 9.0 3.2 2.1 8.0 3.6 45
X 19 20 21 2 23 24 25 26 27
T(ey) 7.0 7.0 9.0 4.2 4.4 5.0 7.0 9.0 12

for the new network? Describe your approach to solving this problem. Does your approach
work for the general case? Comment on any peculiar or uncxpected results.

Situation C

Your corporation is considering expansion. If that happens, therc are several new files
(cdges) that will need to be transferred daily. This expansion will also include an upgrade of
the computer sysicm, Some of the 28 departments will get new computers that can handle
more than one transfer at a time. All of these changes are indicated in Figure A.15 and
Tables A.9 and A.10. What is the best schedule and mukespan that you can find? Can you
prove thut your makespan is the smallest possible for this network? Describe your approach
to sotving the problem, Comment on any peculiar or unexpected results.

Table A8 File transfer time dat

a for situation C, for the added transfers

x 28 29 30 31 2 k! 34 35
T(ey) 6.0 1.1 52 4.1 4.0 7.0 24 9.0
x 36 37 38 39 40 41 42
Tiey) 37 6.3 6.6 5.1 7.1 3.0 6.1
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Table A.10 Computer capacity data for situation C

¥ I 2 3 4 5 & 7 8 9 10
Civy) 2 2 l | 1 i 1 ] 2 3
N 11 12 13 14 15 16 17 18 19
CiVy) ] 1 1 2 ] 2 1 1 1
v 20 21 22 23 24 25 26 27 28
Civy) 1 I 2 1 ] [ 2 ] 1

1 1995: The Single Helix

' A small biotechnical company must design, prove, program, and (esl a mathematical algo-
rithm to locale in real time all the intersections ol a helix and a plane in general posilions
i §pace.

Compuier-aided geometric design (CAGD) programs enable engineers to view a plane .

section of an object they design, such as an automohile suspension or a medical device. i
Engineers may also display on the plane section guantitics such as air [low, stress, or '
temperature, coded by colors or level curves, Plane sections may be rapidly swept through i
the entire object to gain a three-dimensional visualization of the object and its reaclions to ;
maotion, forces, or heal, To achicve such results, the computer programs must quickly and
accurately locate all the intersections of the viewed plane and every part of the designed
abject. General equation solvers may in principle compute such intersections, but for specilfic
problems, specific methods may prove faster and more accurate than general methods, Tn
particular, general CAGD software may prove 1oo slow to complele computations in real
lime or too large to fit 1 the company’s finished medical devices. These considerations have
led the company to the following problem.

Problem

Design, justily, program, and test a method to compute all the intersections of a planc and
a helix, both in general positions (at any locations and with any orientations) in space. A
scgment of the helix may represent, for example, a helicoidal suspension spring or a piece
of tubing in a chernical or medical apparatus,
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Theorctical justification of the proposed algorithm is necessary to verity the solution
[rom several points ot view—for instance, throngh mathematical proofs of parts of the
algorithm and through tess of the final program with known examples, Such documentation
and tests will be required by government agencies for medical usc.

995: Aluacha Balaclava College

Aluacha Balaclava Coilege, an undergraduate facility, has just hired a new Provost whose
first priority is the institution of a fair and reasonable faculty compensation systenm. She
has hired your consulting team to design a compensation system that reflects the following
circumstances and principles.

Faculty areranked as Instructor, Assistant Professor, Associate Professor, and Prolcssor,
Those with Ph.D. degrees arc hired at the rank of Assistant Professor. Ph.D. candidates are
hired at the rank of Instructor and promoted awtomatically 1o Assistant Professor upon
completion of their degrees. Faculty may apply for promotion from Associate Professor
to Professor afler serving at the rank of Associate for 7 or more years. Promotions are
determined by the Provost, with recommendations from a laculty commitice,

Fuculty salaries are for the 10-month period September through June, with raises effec-
tive beginning in September. The iotal amount of money available for raises varies yearly
and is gencrally disclosed in March for the following year.

The starting salary this year for an Instructor with no prior teaching experience was
$27.000; $32,000 for an Assistant Professor. Upon hire, faculty can receive credit for up to
7 years of teaching experience at other institutions.

Principles

L. All faculty should get a raise any year that money is available.

2. Promotion should incur a substuntial benefit; e.g., promotion in the minimum possible
time should result in a benefit roughly cqual io 7 years of normal raiscs.

3. PFaculty promoted aflter 7 or 8 years in rank with careers of ar least 25 years should make
roughly twice as much at retirement as a starting Ph.D.

4. Experienced faculty should be paid more than less expericnced in the same rank. The
effect of additional years of experience should diminish over time; that is, if two faculty
stay in the same rank, their salaries should equalizc over time.

Design a new pay system, first without cosi-of-living increases. Incorporate cost-of-
living increases, and then design a transition process for current faculty that will move all
salarics toward your system without reducing anyone’s salary. Existing faculty salaries,
ranks, and years of service are shown in Table A.11. Discuss any refinements you think
would improve your system.

The Provost requires a detailed compensation system plan for implementation, as well
as a brief, clear, executive summary outlining the model, its assumptions, its strengths, its
weaknesses, and its expected results, which she can present to the Board and faculty.
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Tahle A 11 Salary data for Aluacha Balaclava College
the Yems Rank Sdldl ¥ Case Yeam Rank Sa}al Y Case Yca1 s Rdﬂk Sal:u ¥
| 4 ASSO 54,000 2 19 ASST 43,508 3 20 ASST 39,072
4 11 PROF 53,000 5 15 PROF 44,206 O 17 ASST 37,338
7 23 PROF 48,344 8 1 ASST 32,841 9 7 ASS0O 49,981
10 20 ASSO 43549 11 8 ASSO 42,649 12 19 PROF 60,087
13 15 ASS0 38,002 14 4 ASST 30,000 15 34 PROF 60,576
16 28 ASST 44,562 17 9 ASST 30,893 18 22 ASS0 46,351
19 21 ASSO 50,979 20 20) ASST 48,000 21 4 ASST 32,500
22 14 ASSO 38462 23 23 PROF 53,500 24 21 ASSO 42,488
25 20 ASS0 43,892 26 5 ASST 35330 27 19 ASS0 41,147
28 15 ASST 34,040 24 18 PROF 48,944 30 7 ASST 30,128
31 5 ASST 33,330 32 6 ASSO 35942 33 8 PROF 57,295
34 10 ASST 36,991 35 23 PRGF 60,576 36 20 ASS0 48,926
37 9 PROTF 57,956 38 32 ASSO 52,214 39 15 ASST 39,259
a0 22 ASS0 43,672 41 6 INST 45,500 a2 5 ASS0 527262
43 5 ASSO 57,170 44 i) ASST 36,958 45 23 ASST 37,538
46 0 PROF 58974 47 8 PROF 49,971 48 23 PROF 62,742
45 39 ASS0 52,058 50 4 INST 26,500 51 5 ASST 33,130
52 46 PROF 59,749 53 4 ASSO 37,954 54 19 PROF 45,833
55 6 ASSO 35,270 56 4] ASSO 43,037 57 20 PROLF 59,755
58 21 PROF 57,797 59 4 ASSQ 53500 60 6 ASST 32,319 .
61 17 ASS0 35,608 62 20 PROF 59,333 63 4 ASST 30,500
64 16 ASS0O 41,352 05 15 PROF 43,264 06 20 PROF 50,935
67 6 ASST 45,365 68 6 ASS0 35,941 69 ) ASST 49,134
70 4 ASST 29,500 7l 4 ASST 30,186 72 7 ASST 32400
73 12 ASSO 44,501 74 2 ASST 31,900 75 1 ASSQ 62,500
76 1 ASST 34,500 77 16 ASSO 40,637 78 4 ASSO 35,500
79 21 PROF 50,521 80 12 ASST 35,158 81 4 INST 28,500
82 16 PROF 46,930 &3 24 PROF 55811 84 6 ASST 30,128
85 16 PROF 46,090 86 3 ASST 28,570 87 19 PROF 44,6012
38 17 ASST 36,313 80 0 ASST 33,479 90 14 ASSO 38,624
91 5 ASST 32,210 92 9 ASSC 48,500 93 4 ASST 35,150 i
94 25 PROF 50,383 95 23 PROF 60,800 96 17 ASST 38,464 ;
97 4 ASST 39,500 a8 3 ASST 52,000 99 24 PROF 50,922 t
100 2 PROF 78,500 101 20 PROF 52,345 102 9 ASST 35,798 ‘
103 24 ASST 43,925 104 6 ASS50 35,270 105 14 PROF 49472 l
106 i9 ASS0O 42,215 107 12 ASST 40,427 108 10 ASST 37,021 ;
109 18 ASSO 44,166 110 21 ASS50 46,157 111 8 ASST 32,500 i
112 9 ASSO 40,785 113 10 ASSO 38,698 114 5 ASST 31,170
115 1 INST 26,161 116 22 PROF 47,974 117 10 ASS0 37,793
118 7 ASST 38,117 119 26 PROF 62,370 120 20 ASSO 51,991
121 1 ASST 31,500 122 8 ASSO 35,941 123 14 ASSO 39,294
124 23 ASS0O 51,991 i25 1 ASST 30,000 126 15 ASST 34,638
127 20 ASSO 56,836 128 6 INST 35451 129 10 ASST 32,756
130 14 ASST 32,922 31 i2 ASSO 36,451 132 1 ASST 30,000
133 17 PROF 48,134 134 6 ASST 40,436 135 2 ASSO 54,500
136 4 ASSO 55,000 137 5 ASST 32,210 138 21 ASSO 43,160
139 2 ASST 32,000 140 7 ASST 36,300 {41 9 ASSO 38,624

(continued }
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Table A2 (Continued)

L T e g iy gt et £ e e T T R T S
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- T : ‘
Case  Years Rank Salary Case  Years Rank Salary Case  Years Rank Salary 1
142 21 PROF 49,687 143 22 PROF 49972 |44 7 ASSO 46,155
145 12 ASST 37,159 146 9 ASST 32,500 147 3 ASST 31,500
148 13 INST 31,276 149 6 ASST 33,378 150 19 PROF 45,780
151 5 PROF 70,500 152 27 PROF 59,327 153 9 ASS0O 37954 ;
154 5 AS50 30,612 155 2 ASST 29,500 156 3 PROIF 66,500
157 L7 ASST 30,378 138 5 ASS50 46,770 159 22 ASST 42,772
160 6 ASST 31,160 161 17 ASST 39,072 162 20 ASST 42970
163 2 PROF 85,500 104 20 ASST 49,302 165 21 ASS0 43,054
166 21 PROF 49948 167 5 PROF 50,810 168 19 ASS0O 51,378 !
il|: 169 18 ASS0O 41,267 170 18 ASST 42,176 171 23 PROE 51,571 ‘
Bl 172 12 FROF 46,500 173 G ASST 35,798 174 7 ASST 42,256 :
: 175 23 ASS0 46,351 176 22 PROF 48,280 177 3 ASST 35,500
178 15 ASS0O 30,265 179 4 ASST 29,500 180 21 ASS0O 48359
181 23 PROF 48,844 182 i ASST  31.000 183 0 ASST 32923
184 2 INST 27,700 185 16 PROF 40,748 186 24 ASSO 44,715
187 9 ASS0 37,389 188 28 PROF 51,004 189 9 INST 34203
190 22 PROF 49,756 191 19 ASST 36,958 192 16 ASST 34,550
193 22 PROF 50,576 154 5 ASST 32,210 195 2 ASST 28,500
; 196 12 ASSO 41,178 197 22 PROF 53,836 198 19 ASSO 43,519
‘ 199 4 ASST 32,000 200 18 ASSO 40,089 201 23 PROF 52,403
i 202 210 PROIF 59,234 203 22 PROF 51,898 204 26 ASSO 47,047 |
I
|
| 1996: The Submarine Detection Problem |
|
The world’s oceans contain an ambient noisc field. Seismic disturbances, surface shipping, ’

and marine mammals are sources that, in different frequency ranges, contribute to this field.
‘We wish to consider how this ambient noise might be uscd to detect large moving objccts
(e.g., submarincs locuted below the ocean surface). Assuming that a submarine makes no
infrinsic npoise, develop a method for detecting the presence of a moving submarine, its 1
speed, its size, and its dircction of travel, using only information obtained by measuring
changes to the ambicnt noise field. Begin with noise at one fixed frequency and amplitude.

s
2

1996: The Contest Judging Problem 1
\

When deiermining the winner of a competition such as the Mathematical Contest in Model-

ing, there are generally a great many papers to judge. Let’s say there are P = 100 papers. A

! group of J judges is collected to accomplish the judging. Funding for the contest constrains

‘ both the number of judges that can be obtained and the amount of time that they can judge.
! For example, if P = 100, then J = & is typical.

Tdealiy, each judge would read each paper and rank-order them, but there are too many

papers for this. Instead, there will be a number of screening rounds in which each judge will
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read some number of papers and give them scores. Then some sclection scheme is used to
reduce the number of papers under consideration: If the papers are rank-ordered, then the
bottom 309 that each judge rank-orders could be rejected. Alternatively, if the judges do
not rak-order the papers, bul instead give them numerical scores (e.g., from 1 to 100), then
all papers falling below some cutoff level could be rejected.

"The new pool of papers is then passed back to the judges, and the process is repeated.
A concern is that the toral number of papers that each judge reads must be substantially less
than P. The process is siopped when there arc only W papers left. These are the winners.
Typically for P = {00, W = 3.

Your task is to determine a selection scheme, using a combination of rank-ordering,
numerical scoring, and other methods, by which the final W papers will include only papers
[rom among the best 2W papers. (By “best,” we mean we assume that there is an absolute
rank-ordering to which all judges would agree.) For example, the top three papers found
by your method will consist entircly of papers from among the best six papers. Among all
such methods, the one that requires each judge to read the least number of papers is desired.

Note the possibility of systematic bias in a numerical scoring scheme. For example,
for a specific collection of papers, one judge could average 70 points, whereas anoiher
could average 80 points, How would you scale your scheme to accommodate changes in
the content parameters (£, J, and W3?

1 1997: The Velociraptor Problem

The velociraptor, Velociraptor mongoliensis, was a predator dinosaur that lived during the )
late Cretaceous period approximately 75 million years ago. Paleontologists think that it was !
a very tenacious hunter and may have hunted in pairs or even larger packs. Untortunately,

there is no way to obscrvc its hunting behavior in the wild as can be done with modern
mammatian predators. A group of palcontologists has approached your team and asked

for help in modeling the hunting behavior of the velociraptor. They hope to compare your !
results with field data reported by biologists studying the behaviorss of lions, tigers, and i
similar predatory animals.

The average adult velociraptor was 3 melers long with a hip height of (.5 meter and
an approximate mass ol 45 kg. It is estimatcd that the animal could run cxtremely fast, at ;
speeds of 60 km/hr, for about I5 seconds. After that burst of speed, the animal needed to !
stop and recover from a buildup of lactic acid i irs muscles.

Suppose that velociraptor preyed on Thescelosaurus neglecius, a bipedal herbivore
approximately the same size as the velociraptor. A biomechanical analysis of fossilized
thescelosaurus indicates that it could run at a speed of abeut 50 km/hr almest indefinitely.

Part1 Assuming the velociraptor is a solitary hunter, design a mathematical model that
describes a hunting strategy for a single velociraptor stalking and chasing a single prey, as
well as the evasive strategy of the prey. Assume that the thescelosaurus can always detect
the velociraptor when it gets within 15 meters but may detect this predator at even greater
ranges (up to 50 meters) depending upon the nature of the habitat and weather conditions,
Additionally, because of its physical structure and strength, the velocizaptor has a limited
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turning radius when running at tull speed. This radius is estimated (o be lhree times the
animal’s hip height. By conirast, the thescelosaurus is extremely agile and has a turning
radius of 0.5 meters.

Part2 Assuming the more reatistic situation that the velociraptor hunted in pairs, design
a new model that describes a hunting strategy for two velociraptors stalking and chasing a
single prey, as well as the evasive strategy of the prey. Use the same other assumptions and
limitations as in Part 1.

1997: Mix Well for Fruitful Discussions

Small-group mectings are gaining popularity for the discussion of important issues, parlic-
ulazly long-range planning, Tt is believed that large groups stymie productive discussion and
that a dominant personality usually controls and directs the discussion. Thus in corporation
board mectings the Board will meet in small groups 1o discuss issues before meeting as a
whole. These smaller groups still run the risk of controf by a dominant personality, In an
allempt to reduce this danger, it is commen to schedule several scssions with a dilferent
mix of people in the groups.

A meeting of An Tostal Corporation will be attended by 29 board members of whom 9
arc in-house members (i.c., employces of the corporation). The meeting is to be an all-day
affair, with 3 sessions scheduled for the morning and 4 for the afternoon. The sessions
will each be 45 minutes, beginning on the hour from 9:00 A.M. to 4:00 P.M., with lunch
scheduled at noon. Each morning session will consist of six discussion groups, with each
discussion group led by one of the corporation’s six senior officers. None of these officers
are board members. Thus each senior officer will lead three different discussion groups.
The sentor officers will not be invelved in the afternooen sessions, and each of thesc sessions
wilt consist of only four different discussion groups.

The president wants a list of board member assignments to discussion groups for each
of the seven sessions. The assignmenis should achieve as much mix of the members as
possible. The ideal assignment would have each board member in a discussion group with
each other board member the same number of times, while minimizing common membership
of groups for the different sessions.

The assignments should also satisfy the following criteria:

1. For the moming sessions, no board member should be in the same senior officer’s
discussion group twice.

2. No discussion group should contain a disproportionate number of in-house members.

Give a list of assignments for members 1-9 and 10-29 and officers 1-6. Indicate
how well the criteria in the previous paragraphs are met. Since it is possible that some
board members will cancel at the last minute or that some not scheduled will show up, an
algorithm that the secretary can use to adjust the assignments with an hour's notice would
be appreciated. It would be ideal if the algorithm could also be used to make assignments
for future meetings involving different levels of participation for each type of attendee,
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1998: MRI Scanners

Introduction

Industrial and medical diagnostic machines known as magnetic resonance imagers (MRI)
scan a three-dimensional object, such as a brain, and deliver their resalts in the form of a
three-dimensional array of pixels. Each pixel consists of one number indicating a color or a
shade of gray that encodes a measure of water concentration in a small region of the scanned
object at the location of the pixel. For instance, 0 can picture high water concentration in
black {ventricles, blood vesscls), 128 can picture a medium water concentration in gray
(brain nuclei and gray matter), and 255 can picture a low water density in while (lipid-rich
white matler consisting of myelinated axons). Such MRI scanners also include facilities
1o picture on a screen any horizontal or vertical slice through the three-dimensional array
(slices are parallel to any of the three Cartesian coordinate axes). Algorithms for picturing
slices through oblique planes, however, are proprietary. Current algorithms are limited in
terms of the angles and parameter options available; are implemented only on heavily used
dedicated workstations; lack input capabilities for marking points in the picture before
slicing; and tend to blur and “feather out” sharp boundaries between the original pixels.

A more faithful, flexible algorithm implemented on a personal computer would be
useful

1. tor planning minimally invasive treatments,
2. for calibrating the MRI machines,

3. for investigating structures oriented obliquely in space, such as post-mortem tissue sec-
tions in animal research,

4. for enabling cross sections at any angle through a brain atlas consisting of black-and-
white line drawings.

To design such an algorithm, one can access the vajues and locations of the pixels, but
not the initial data gathered by the scanner.

Problem

Design and test an algorithm that produces sections of three-dimensional arrays by plancs
in any orientation in space, preserving the original gray-scale valucs as closely as possible.

Data Sets

The typical data set consists of a three-dimensional array A of numbers A(i, j, k) that
indicates the density A(7, j, k) of the object at the location (x, v, z); i Lypically, A(i, j, k)
can range from O through 255, In most applications, the data set is quite large.

Teams should design data sets to test and demonstrate their algorithms. The data sets
should reflect conditions likely to be of diagnostic interest, Teams should also characterize
data sets that limit the effectiveness of their algorithms.




564

Appendix A Problems from the Mathematics Contest in Modeling, 1985-2008

Summary

The algorithm must produce a picture of the slice of the three-dimensional array by a plane
in space. The plane can have any orientation and any location in space. (The plane can miss

some or all data poinis.) The result of the algorithm should be a model of the density of the
scanned object over the selected plane.

1998: Grade Inflation
Background

Some college administrators are concerned about the grading at A Better Class (ABC)
College. On average, the faculty at ABC have been giving out high grades (the average
grade now given out is an A—), and it is impossible to dislinguish between the good and
the mediocre students. The terms of 2 very gencrous scholarship allow only the top 10% of
the students to be funded, so a class ranking is required.

The dean had the idea of comparing each student to the other students in each class
and using this information to build up a ranking. For example, if a student obtains an A in a
class in which all students obtain an A, then this student is only “average” in this class. On
the other hand, if a student obtains the only A in a class, then that student is clearly “above
average.” Combining information from several classes mi ghi allow students (o be placed in
deciles (top 10%, next 10%, etc.) across the college.

Problem

Assuming that the grades given out are (A4, A, A—, B+, . ..) can the dean’s idea be made
to work?

Can any other schemes produce a desired rankin g?

A concern is that the grade in a single class could change many student’s deciles. Ts
this possible?

Data Sets

Tearns should design data sets to test and demonstrate their algorithms. Teams should
characterize data sets that limif the effectiveness of their algorithms.

1999: Deep Impact

For some time, the National Aeronautics and Space Administration (NASA) has been
considering the consequences of a large asteroid impact on the earth.

As part of this effort, your team has been asked to consider the effects of such an impact
were the asteroid to land in Antarctica. There are concerns that an impact there could have
considerably different consequences than one striking elsewhere on the planet.
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You are to assume that an asteroid is on the order of 1000 meters in diaimeter and that
it strikes the Antarctic continent directly at the South Pole.

Your team has been asked to provide an assessment of the impact of such an asteroid,
In particular, NASA would like an estimate of ihe probable amount and location of human
casualties [rom this impact, an estimate of the damage done to the food production regions
in the oceuany of the Southern Hemisphere, and an estimate of possible coastal Aooding
caused by targe-scale melting of the Antarctic polar ice sheet.

1999: Unlawful Assembly

Many public facilitics have signs in rooms used for public gatherings which state that it
is “unlawful” for the rooms to be occupied by more than a specified number of people.
Presumably, this number is based on the speed with which people in the room could be
cvacuated via the room’s exils in case of an emergency. Similarly, elevators and other
facilities often have “maximum capacilies” posted.

Develop a mathematical model for deciding what number to post on such a sign as being
the “lawful capacity.” As part of your solution, discuss criteria {other than public safety in
the case of a fire or other emergency) that might govern the number of people considerad
“unlawful” to occupy the room (or space). Also, for the model that you construct, consider
the differences between a room with movable furniture such as a cafeteria (with tables and
chairs), a gymnasium, a public swimming pool, and a lecture hall with a pattern of rows and
aisles. You may wish fo compare and contrast what might be done for a variety of different
environmeints: elevator, lecture hall, swimming pool, cafeteria, or gymnasium. Gatherings
such as rock concer(s and soccer tournaments may present special conditions.

Apply your model ic one or more public facilities at your institution (or neighboring
town). Compare your results with the stated capacity, il vne is posted. If used, your model is
likely 1o be challenged by parties with interests in increasing the capacily. Write an article
for the local newspaper defending your analysis.

2000: Air Traffic Control

Dedicated to the memory of Dr. Robert Machol, former chief scientist of the Federal
Aviation Agency

To improve safety and reduce air traffic controller workload, the Federal Aviation
Agency (FAA) is considering adding, io the air tralfic control system, software that would
aulomatically detect potential aircraft flight path conflicts and alert the controller. To that
end, an analyst at the FAA has posed the following problems.

RequirementA: Giventwo airplanes flying in space, when should the air traffic coniroller
consider the objects to be too close and to require intervention?

Requirement B: An airspace sector is the section of three-dimensional airspace that one
air traffic controller controis. Given any airspace sector, how do we measure how complex
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it is from an air tralfic workload perspective? To what extent is complexily determined by
the number of aircraft simullaneously passing through that sector

1. at any one instant?
2. during any given interval of time?

3. during a particular time of day?

How docs the number of potential conflicts arising during those periods alfect com-
plexity? Does the presence of additional sofiware tools to automatically predict conflicts
and alert the controller reduce or add to this complexity?

In addition to the guidelines for your report, write a summary (no more than two pages)
that the FAA analyst can present to Jane Garvey, the FAA administrator, to defend your
conclusions.

2000: Radio Channel Assignments

We seek to model the assignment of radio channcls to a symmetric network of transmitter
locations over a large planar area, so as to avoid inferfercnce. One basic approach is to parti-
tion the region into regular hexagons in a grid (honeycomb-stylc), as shown in Figure A.16,
where a transmitter is located at the center of each hexagon.

An interval of the frequency spectrum is to be allotted for transmilter frequencics. The
imterval will be divided into regularly spaced channels, which we represent by integers, 1, 2,
3,.... Bach transmitter will be assigned one positive integer channel. The same channel can
be used at many locations, provided that interference from nearby iransmitters is avoided.

Our goal is to minimize the width of the interval in the frequency spectrum that is
needed to assign channels subject to some constraints, This is achieved with the concept
of a span. The span is the minimum, over all assignments satisfying the constraints, of the
largest channel used at any location. It is not required that every channel smaller than the
span be used in an assignment that attains the span. Let s be the length of a side of one of
the hexagons. We concentrate on the case that there are two levels of interference.

Requirement A: There are several constraints on frequency assignments. First, no two
transmitters within distance 4s of each other can be given the same channel. Second, due
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to spectral spreading, transmitters within distance 25 oi each other must not be given the
same or adjaccent channels: Their channels must differ by at least 2. Under these constraints,
what can we say about the span in Figure A.167

Requirement B: Repcal Requircment A, assuming the grid in the example spreads arbi-
trarily far in all directions.

Requirement G: Repeat Requircments A and B, except now assume, more generally, that
channels for transmitters within distance 25 differ by at least some given integer &, whilc
those ai distance at most 45 musi still differ by at least 1. What can we say about the span
and about efficient strategies for designing assignments, as a function of k?

Requirement D:  Consider generalizations of the problem, such as several levels of in-
terference or irregular transmitter placements. What other factors may be important to
consider?

Requirement E:  Write an article (no more than two pages) for the local newspaper
cxplaining your findings.

2001: Choosing a Bicycle Wheel

Cyclists have different types of wheels they can use on their bicycles. The two basic types
of wheels are those construcied using wire spokes and those constructed of a solid disk
(Figure A.17). The spoked wheels are lighter, but the solid wheels are more aerodynamic.
A solid wheel is never used on the front for a road race but can be used on the rear of the
bike.

Professional cyclists look at a racecourse and make an educated guess as to what kind
of wheels should be used. The decision is based on the number and steepness of the hills,
the weather, wind speed, the competition, and other considerations. The director sportif of
your favorite team would like to have a better system in place and has asked your team for
information 10 help determine what kind of wheel should be used for a given course.

The director sportif necds specific information to help make a decision and has asked
your team to accomplish the tasks listed below. For each of the tasks, assume that the same
spoked wheel will always be used on the front but there is a choice of wheels for the rear.

Task 1. Provide a table giving the wind speed at which the power required for a solid rear
wheel is less than for a spoked rear wheel.
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The table should include the wind speeds for different road grades ranging from 0%
to 10% in 1% increments. (Road grade is defined to be the ratio of the total risc of a hill
divided by the length of the road.') A rider starts at the bottom of the hiil at u speed of
45 kph, and the deceleration of the rider is proportional to the road grade. A rider will lose
about 8 kph for a 5% grade over 100 meters.

Task 2. Provide an ex ample of how the table could be used for a specific time tial course.

Task 3. Determinc whether the table is an adequate means for deciding on the wheel
configuration, and offer other suggestions as to how to make this decision.

It
T
i

;i 2001: Escaping a Hurricane’s Wrath

Evacuating the coast of South Carolina ahead of the predicted landfall of Hurricane Floydin
1999 led 0 a monumental traffic jam. Traffic slowed (o a standstill on Interstate [-26, which
is the principal route going inland from Charleston 1o the relatively safe haven of Columbia
in the center of the state. What is normally an casy 2-howr drive took wp 1o 18 hours 1o
complete. Many cars simply ran out of gas along the way. Fortunately, Floyd turned north
and spared the state this lime, but the public outery is forcing state officials to find ways to
avoid a repeat of this traftic nightmare.

The principal proposal put forth to deal with this problem is the reversal of twaffic on
1-26, so that both sides, includin g the coastal-bound lanes, have traffic headed inland from
Charleston to Columbia. Plans to carry this out have been prepared (and posted on the Weh)
by the South Carolina Emergency Preparedness Division, Traffic reversal on principal roads
leading inland from Myrtle Beach and Hilton Head is also planned.

Charleston has approximately 500,000 people, Myrile Beach has about 200,000 people,
and another 250,000 people are spread out alon g the rest of the coastal strip. (More aceurate
data, if sought, are widely available.)

The interstates have two lancs of traffic in each direction, except in metro areas, where
they have three. Columbia, another metro area of around 500,000 people, does not have
sufficient hotel space to accommodate the evacuees (including some coming from farther
north by other routes), so some traffic continues outbound on 126 toward Spartanburg; on
[-77 north to Charlotte; and on 1-20 east to Atlanta. In 1999, traffic leavin g Columbia going
northwest was moving very slowly.

Construct a model for the problem to investigate what strategies may reduce the con-
gestion observed in 1999. Here are the questions that need to be addressed:

Under what conditions does the plan for turning the two coastal-bound lanes of 1-26
info two lanes of Columbia-bound traffic significantly improve cvacuation traffic Aow?

Tn 1999, the simultaneous evacuation of the state’s entire coastal region was ordercd.
Would the evacuation traffic flow improve under an alternative strategy that staggers the

'If the hill s viewed as a triangle, the grade is the sine of the angle at the botiom of the hill.
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evacuation, perhaps county-by-county aver some time period consistent with the patiern of
how hurricancs affeet the coasi?

Several smaller highways besides 1-26 cxtend inland from the coast. Under what con-
ditions, would it improve evacnation flow to turn around traffic on these?

What effect would it have on evacuation flow to establish more iemporary shelters in
Columbia, to reduce the traffic leaving Columbia?

In 1999, many [amilies leaving the coast brought their boats, campers, and motor
homes. Many drove all of their cars. Under what conditions should there be restrictions on
vehicle types or numbers of vehicles in order to guaraniee iimely evacuaiion? It has been
suggesled that in 1999, some of the coastal residents of Georgia and Florida, who were
fleeing the earlier predicted landfalls of Hurricane Floyd to the south, came up 1-95 and
compounded the trallic problems. How big an impact can they have on the evacuation tralfic
flow?

Clearly identify what measures of performance are used to compare slrategies.

Required: Prepare a short newspaper article, not to exceed two pages, explaining the
results and conclusions of your study.

2002: Wind and Waterspray

An ornamental fountain in a large open plaza surrounded by buildings squirts water high
into the air. On gusty days, the wind blows spray from the fountain onto passersby. The
water flow from the fountain is controlled by u mechanism linked to an anemometer (which
measures wind speed and direction) located on top of an adjacent building. The objective
of this control is to provide passersby with an acceptable balance belween an atiraciive
spectacle and a soaking: The harder the wind blows, the lower the water volume and height
to which the water is squirted, hence the less spray falls outside the pool area.

Your task is to devise an algorithm that uses dala provided by the ancmometer to adjust
the water flow [rom the fountain as the wind conditions change.

2002: Airline Overbooking

You're all packed and ready to go on a trip te visit your best fricnd in New York Cily. After
you check in at the ticket counter, the airline clerk announces that your Hight has been
overbooked. Passengers need to check in immediately to determine whether they still have
a scat.

Historically, airlines know that only a certain percentage of passengers who have made
reservations on a particular flight will actually take that flight. Consequenily, most airlines
overbook—thatis, they take more reservations than the capacity of the aircraft. Occasionally,
however, more passengers will want to take a flight than the capacity of the plane, leading
to one or more passengers being humped and thus unable to take the flight for which they
had reservations.
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Airlines deal with bumnped passengers in various ways. Some are given nothing, some
are booked on later flights on other airlines, and some are given some kind of cash or airline
ticket incentive,

Consider the overbooking issue in light of the current situation:

Fewer Rights by airlines from point A to point B
Heightened security at and around airports
Passengers” fear

Loss of billions of dollars in revenue by airlines to date

Build a mathematical model that examines the cffects that different overbooking
schemes have on the revenue received by an airline company in order to find an opti-
mal overbooking strategy, i.e., the number of people by which an airline should overbook
a particular flight so that the company’s revenue is maximized. Ensure thai your model
reflects the issues above, and consider alternatives for handling “bumped” passengers. Ad-

ditionally, write a short memorandum ta the airline’s CEQ summarizing your findings and
analysis.

2003: The Stunt Person

An exciting action scene in a movie is going to be filmed, and you are the stunt coordinator!
A stunt person on a moloreycle will jump over an elephant and land in a pile of cardboard
boxes to cushion the fall. You need o protect the stuni person, and you must also use
relatively few cardboard boxes (lower cost, not seen by camera, etc.).

Your job consists of the following tasks:

* Determine what size boxes Lo use.

* Determine how many hoxes 1o use.

* Determine how the boxes will be stacked.

* Determine whether any modifications 1o the boxes would help.

* Generalize to different combined weights (stunt person plus motorcycle) and different

jump heights.

Note that in Tomorrow Never Dies, the Janes Bond character on 4 motorcycle jumps over
a helicopter.

2003: Gamma Knife Treatment Planning

Stereotactic radiosurgery delivers a single high dose of ionizing radiation to a radicgraphi-
cally well-defined, small iniracranial three-dimensional brain tumor without delivering any
significant fraction of the prescribed dose to the surrounding brain tissue. Three modalities
are commonly used in this area: the gamma knife unit, heavy charged particle beams, and
exterial high-energy photon beams from linear accelerators.
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The gamma knife unit delivers a single high dosc of ionizing radiation emanating
[rom 201 cobalt-60 unit sources through a heavy helmet. All 201 beams simultaneously
intersect at the isocenter, resuliing in an approximately spherical dose distribution at the
effeciive dose levels. Trradiating the isocenter to deliver dose is termed a “shot” Shots can
be represented as different spneres. Four interchangeable outer collimator helmets with
beam channel diamcters of 4, 8, 14, and 18 mm are available for irradiating different size
volumes. For a target volume larger than one shot, multiple shots can be used to cover the
entire target. In praclice, most target volumes are treated with 1 to 15 shots. The 1arget
volume is u bounded, three-dimensional digital image that usually consists of millions of
points,

The goal of radiosurgery is to deplete tumor cells while preserving normal structures.
Because there are physical limitations and biological uncertaintics involved in this therapy
process, a realment plan necds to account for all those limitations and uncertainties. In
general, an optimal treatment plan is designed to meel the following requirements:

Minimizc the dose gradient across the target volume.

Match specificd isodose contours to the target volumes,

Match specified dose—volume constraints of the target and critical organ.
Minimize the integral dose to the entire volume of normal tissues or orgais.

Constrain dose to specified normal tissue points below tolerance doses.

S

. Minimize the muximum dosce to critical volumes,
In gamuna unit treatment planaing, we have the following constrainis:

1. Prohibit shots from protruding outside the target.
2. Prohibit shots from overlapping (to avoid hot spots).

3. Cover the targel volume with effective dosage as much as possible, but at least 90% of
the rarget volume must be covered by shots.

4. Use as few shols as possible.

Your tasks are to formulate the optimal treatment planning for a gamma knife unit
as a sphere-packing problem and 1o proposc an algorithm to find a solution. While de-
signing yowr algorithm, you must keep in mind that your algorithm must be reasonably
efficient.

2004: Are Fingerprints Unique?

It is a common belief that the thumbprint of every human who has ever lived is different.
Develop and analyze & model that will enable you to assess the probability that this is
true. Compare the odds (that you found in this problem) of misidentification by fingerprint
evidence against the odds of misidentification by DNA evidence.
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. 2004: A Faster QuickPass System

“QuickPass” systems arc increasingly appearing to reduce people’s time waiting in line,
whether it is at tollbooths, amusement parks, or elsewhere, Consider the design of a Quick-
Pass system for an amuscment park. The amusement park has cxperimented by offering
QuickPasses for several popular rides as a test. The idea is that for cerlzin popular rides,
you can go to a kiosk near that ride and insert your daily park entrance ticket, and ot will
come a slip that states (hat you can return (o that tide at a specific time later. For example,
you insert your daily park entrance ticket at 1:15 P.M., and the QuickPass states that you can
come back between 3:30Hand 4:30 P.v. and use your slip to enter a second, and presumably
mruch shorter, line that will get you to the ride faster. To prevent people from obtaining
QuickPasses [or several rides al once, the QuickPass machines allow you io have only one
active QuickPass at a time.

You have been hired as one of several competin g consultants to improve the operation
of QuickPass. Customers have been complaining about some anomalies in the lest system.
For example, customers observed that in one instance, QuickPasses were being offcred for
arelurn ime as long as 4 hours Tater. A short time later on the same ride, the QuickPasses
were given for times only an hour or so later. In some instances, the lines for people with
QuickPasses arc nearly as long and slow as (he regular lines.

The problem, then, is to propose and test schemes for issuing QuickPasses in order to
increase people’s enjoyment of the amusement park. Part of the problem is to determine
what criteria 10 use in evalualing alternative schemes. Inctude in your report a nontechni-

cal summary for amuscment park executives who must choose between alternatives from
competing consultants.

. 2005: Flood Planning

Lake Murray in central South Carolina is formed by a large earthen dam, which was com-
pleted in 1930 for power production. Model the flooding downstream that would occur if
there were a catastrophic earthquake that breached the dam.

Consider two particular questions:

1. Rawls Creck is a year-round stream that flows into the Saluda River a short distance
downriver from the dam. How much flooding will occur in Rawls Creek from a dam
failure, and how far back will it extend?

2, Could the flood be so massive downstream that water would reach up o the South
Carolina State Capitol Building, which is on a hill overlooking the Congaree River?

Heavily traveled toll roads such as the Garden State Parkway and Interstate 95 are multilane
divided highways that are interrupted at intervals by toll plazas. Because collecting tolls is
usually unpopular, it is desirable to minimize motorist annoyance by limiting the amount of
traffic disruption caused by the toll plazas. Conumonly, a much larger number of tellbooths
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is provided than the number of travel lanes entering the toll plaza. Upon entering the toll
plaza, the flow of vehicles fans out Lo the larger number of tollbooths, and when leaving
the toll plaza, the flow of vehicles is required to squeeze back down (o a number of travel
lanes equal 1o the namber of travel 1anes hefore the toll plaza. Consequently, when traffic is
heavy, congestion increases upon depariure from the toll plaza. When traffic is very heavy,
congestion alse builds at the entry to the toll plaza because of the time required for each
vchicle to pay the toll.

Make a model to help you determine the optimal number of 1o0llbooths to deploy in a
barricr-1oll plaza. Explicitly consider the scenario where there is exactly one tollbooth per
incoming travel lane. Under what conditions is this more effective than the current practice?
Under whal condilions 1s it less effective? Note that the definition of “optimal” is up Lo you
to determine.
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2006: Positioning and Moving Sprinkler
Systems for Irrigation

There is & wide varicty ol techniques available for irrigating a ficld. The technologics range
from advanced drip systems to periodic flooding. Onc approach that is used on smaller
ranches is “hand move” irrigation systems. Lightweight aluminum pipes with sprinkler
heads are put in place across [ields, and they are moved by hand at periodic intervals to
ensure that the whole field receives an adequate amount of water. This type of irrigation
syslem is cheaper and easier to maintain than other systems. 11 is also flexible, allowing for
use on a wide variety of ficlds and crops. The disadvantage is that it requires a greal deal of
time and effort to move and set up the equipment at regular intervals.

Given that this type of irrigaiion systen is to be used, how can il be configured to min-
imize the amount of lime required 1o irrigate a field that measures 80 meters by 30 melers?
For this task you are asked to find an algorithm to determine how to irrigate the rectangular
ficld in a way thal minimizes the amount of time required by a rancher to maintain the
irrigation system. One pipe sel is used in the field. You should determine the number of
sprinklers and the spacing between sprinklers, and you should find a schedule to move the
pipes, including where to move then.

A pipe sct consisls of a number of pipes that can be connected together in a straight
line. Each pipe has a 10-centimeter inner diameter with rotating spray nozzles that have a
{).6-centimeter inner diameter. When put together, the resulting pipe is 20 meters long. At
the walcr source, the pressure is 420 kilopascals and has a fow rate of 150 liters per minute.
No part of the field should receive more than 0.75 centimeter per hour of water, and each
part of the field should receive at least 2 centimeters of water cvery 4 days. The total amount
of water should be applied as uniformly as possible.

<

2006: Wheelchair Access at Airports

i
H

One of the frustrations with air travel is the need to fly through multiple airports, and each
stop generally requires each traveler to change to a different airplane. This can be especially
difficult for people who are not able to walk easily to a different flight’s waiting area. One
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of the ways that an airline can make the transition casier is to provide u wheelchair and
an escott to those people who ask for help, It is generally known well in advance which
passengers require help, but it is not uncommeon to receive notice when 2 passcnger hrst
registers at the airport. In rare instances, an airline may not receive notice from a passenger
until just prior to landing.

Alrlines are under constant pressure to keep their costs down. Wheelchairs wear out,
are expensive, and require maintenance, There is also a cost for maki ng the escorts available,
Moreover, wheelchairs and (heir escorts must be constantly moved around the airport so that
they are available to people when their flight lands. In some large airports, the time required
to move across the airport is nontrivial. The wheelchairs must be stored somewhere, but
space is expensive and severely limited in an airport terminal. Also, wheelchairs left in
high-traffic areas represent a liability risk as people try to move around them. Finally, one
of the biggest costs is the cost of holding a plane if somcone must wait for an escort and
becomes late for his or her flight, The Jaiter cost is especially troubling because it can affect
the airline’s average flight delay, which can lead 1o fewer ticket sales as potential custorners
may choose to avoid that airline.

Epsilon Airlines planners have decided to ask a third party to help them obiain a detailed
analysis of the issues and costs of keeping and maintaining wheclchairs and escorts available
for passengers. The airline needs to find a way to schedule the movement of wheelchairs
throughout each day in a cost-effective way. They also need to find and define the costs for
budget planning in both the short and the long term.

Epstlon Alrlines has asked your consuliant group to put together a bid 1o help solve
this problem. Your bid should include an overview and analysis of the situation to help
the planners decide whether you fully understand their problem. They require a detailed
description of an algorithm that you would like to implement which can determine where
the escorts and wheelchairs should be and how they should move throughout each day, The
goal is 1o kecp the total costs as low as possible. Your bid is one of many that the aifline
will consider. You must make a strong case as to why your solution is the best and show
that it will be able to handle a wide range ot airports under a varicty of circumstances.

Your bid should also include cxamples of how the algorithm would work for a large
(al least four concourses), a medium (at least two concourses), and a smail airport (one
concourse) under high and low traffic loads. You should determine all polential costs and
balance theirrespective weights. Finally, us populations begin to include a higher percentage
of older people who have more time to travel but may require more aid, your reporl should

include projections of potential costs and needs in the fuiure, with recommendations for
meeting those future needs.

2007: Gerrymandering

The United States Constitution provides that the House of Representatives shall be com-
posed of some number of individuals (currently 435) who are elected from each staie in
proportion to the state’s population relative to that of the couniry as a whole. Although
this provides a way of determining how many representatives each state will have, it says
nothing about how the district represented by a particular representative shall be determined
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geographically. This oversight has led to egregious (at least some people think so but usually
nol the incumbent) district shapes that look “unnatural” by some standards.

Hence the following question: Suppose you were given the opportunity to draw con-
gressional districts for a stale. How would you do so as a purely “bascline” exercisc to
create the “simplest” shapes for all the districts in a state? The rules insist only (hat each
district in the state contain the same population. The definition of simple is up to you, but
you need to make a convineing argunient 1o voters in the state that your solution is fair. As
an application of your method, draw geographically simple congressional districts for the
state of New York.

2007: The Airplane Seating Problem

Airlines arc free to seat passengers waiting to board an aircrafl in any order whatsocver. Tt
has become customary to seat passengers with special needs first, followed by first-class
passengers {who sit at the front of the plane). Then coach and business-class passengers arc
seated by groups of rows, beginning with the row at the hack of the plane and procceding
forward.

Apart from consideration cof the passengers’ wait lime, from the airline’s point of view
time is money, and boarding time s best minimized. The plane makes money for the airline
only when it is in motion, and long boarding times limit the number of trips that a plane
can make in a day.

The development of larger planes, such as the Airbus A380 (800 passengers), reflects
cfforts to minimize boarding (and deboarding) time.

Devise and compare procedures for hoarding and deboarding planes with varying
numbers of passengers: small (§5-210), midsize (280-330), and large (330-800).

Prepare an executive summary, not to excecd two single-spaced pages, in which you
explain your conclusions to an audience of airline executives, gate agents, and flight crews.

Note: The two-page executive summary is to be included in addition to the reports
requircd by the contest guidelines.

An article that appeared in the New York Times on November 14, 2006, addressed board-
ing and deboarding procedures currently being followed and the importance to the airline of
finding better solutions. The article can be seen at http:/travel2. nytimes.com{2006/1 1714/
business/14boarding.html.

2008: Take a Bath

(L el . _ . ,
Consider the effects on land from the melting of the north polar ice cap due to the predicted

increase in global temperatures. Specifically, model the effects on the coast of Florida every
L0 years for the next 50 years due to the melting, with particular attention given to large
metropolitan areas. Propose appropriate responses to deal with this. A careful discussion
of the data used is an important part of the answer.
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2008: Creating Sudoku Puzzles

Develop an algorithm 1o construct Sudoku puzzles of varying difficulty. Develop metrics
to define a difficulty level. The algorithm and meltrics should be extensible to a varying
number of difficulty levels. You shonld illusirate the algorithm with at least four difficulty
levels. Your algorithm should guarantee a unique solution. Analyze (he complexity of your

atgorithm. Your objective should be to minimize the coinplexity of the algorithm and meet
the above requircments.

For further information on the Mathematics Contest in Modeling (MCM),

write to COMAP, 57 Bedford Street, Lexington, Massachusetts 02173, or visit
WWW.COInap,conl.
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APPENDIX

An Elevator Simulation
Algorithm

We will define the terms used in the following algorithm and explain some of its under-
lying logic. Because the algorithm is complex, this approach should be more revealing
than using some hypoihetical numbess and taking you step by step through the algorithm.
(This is a difficult program to write if you are not using GPSS or another simulation
language.}

During the simulation there is a TIME clock that keeps track of the time (given in
seconds). Initially, the value of TIME is 0 sec {(at 7:50 A.M.), and the simulation ends when
TIME reaches 4800 sec (ar 9:10 AM.). Each customer is assigned a number according (o
the order of his or her arrival: The first customer is labeled 1, the second customer 2, and
so forth. Whenever anaother customer arrives at the lobby, the time between the customer’s
arrival and the time when the immediately preceding customer arrived is added (o the TIME
clock. This time between successive arrivals of customers i and i — 1 is labeled berween; in
the algorithm, and the amrival time of customer 7 is labeled arrive;. Initially, for the customer
arrival submodel, we assume that all values between 0 and 3( have an equal likelihood of
occurring.

All four clevators have their own availability times, called refurn; for elevator j. If
elevator ; is currently available at the main floor, its time is the current time, so return; =
TIME. If an elevator is in transit, its availabilily time is the time at which it will return to the
main floor. Passcngers enter an available elevator in the numerical order ol the elevalors:
first elevator 1 (if it is available), next elevator 2 (if it is available), and so on. Maximum
occupancy of an elevator is 12 passengers.

Whenever another customer arrives in the lobby of the building, two possible situations
exist. Either an elevator is available for receiving passengers or no elevator is available and a
gueue is forming as customers wait for one w become available. Once an elevator becomes
available, itis “tagged” for loading, and passengers can enter onfy that elevator until cither it
is fully occupted (with 12 passengers) or the 15-sec time delay is exceeded before the arrival
of another customer. After loading, the clevalor departs to deliver all of its passengers. It is
assumed that, even if fully loaded with 12 passengers, the clevator waits 15 sec (o [oad the
last passenger, allow floor selection, and get under way.

To keep track of which floors have been selected during the loading period of an
elevator and the number of times a particular floor has been selected, the algovithm sets up
two one-dimensional arrays (having a component for each of the floors [-12), (Although
no one selects floor 1, the indexing is simplified with its inclusion.) These arrays are
called selvec; and firvec; for the tagged elevator j. If a customer selects floor 5, for
instance, then a [ is entered into the fifth component position of selvec; and also into the
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